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Maximum entropy principle and Landau free
energy inequality

Natália Bebiano

Department of Mathematics, University of Coimbra, Portugal

CMUC - Centro de Matemática da Universidade de Coimbra

E-mail address: bebiano@mat.uc.pt

Abstract

In this talk, the following problem is considered: given two Hermitian ma-
trices H and K and two real numbers x and y, determine a positive semidef-
inite matrix ρ such that the von Neumann entropy - Trρ log ρ is maximum,
subject to the condition that TrρH = x and TrρK = y. This question arises
in information theory and in statistical mechanics in connection with the
maximum - entropy inference principle. To answer it, we use this principle
and numerical range methods.

Classes of operators on some spaces of analytic
functions

Fernanda Botelho

Department of Mathematical Sciences, The University of Memphis

Memphis, TN 38152, USA

E-mail address: mbotelho@memphis.edu

Abstract

In this talk we use a characterization of the surjective isometries of some
spaces of analytic functions to derive information on the hermitian operators
and generalized bi-circular projections supported by the same spaces. The
results presented are for the Zygmund space and for vector valued Bloch
spaces.
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Invariant subspaces of H2(T2) and L
2(T2)

preserving compatibility

Zbigniew Burdak

University of Agriculture of Krakow, Poland

E-mail address: rmburdak@cyf-kr.edu.pl

Abstract

It is well known that the operator of multiplication Tz on the Hardy space
H2(T) is the model of a unilateral shift of multiplicity one, has no nontrivial
reducing subspaces and, by the Beurling result, purely invariant subspaces
are of the form φH2(T) where φ is an inner function. Similarly, the operator
of multiplication Lz on L2(T) is a model of a bilateral shift of multiplicity
one, by Helson its reducing subspaces are of the form χδL

2(T) where χδ is the
characteristic function of a Borel set δ ⊂ T, while purely invariant subspaces
are of the form ψH2(T) where ψ is a unimodular function.

The similar description for Tw, Tz ∈ H2(T2) and Lw, Lz ∈ L2(T2) pro-
vides only a partial characterization. Recall, that two operators doubly com-
mute if they commute and each of them commute with the adjoint of the
other operator. The operators Tw, Tz are the model of doubly commuting
unilateral shifts, have no nontrivial reducing subspaces and by Mandrekar
inner functions describe only invariant subspaces where Tw, Tz preserve dou-
bly commutativity. By Mandrekar and Ghatage reducing subspaces of Lw, Lz

are of the form χ∆L
2(T2) where ∆ ⊂ T

2 and unimodular functions describe
only invariant subspaces where Lw, Lz preserve doubly commutativity.

Our contribution is a characterization of invariant subspaces of H2(T2)
and L2(T2) where Tw, Tz respectively Lw, Lz preserve compatibility. Recall
that two isometries V1, V2 are compatible if projections on R(V m

1 ) and R(V n
2 )

commute for any nonnegative m,n. The class contains doubly commuting
pairs, but is significantly bigger. Consequently, there is described a wider
class of invariant subspaces. In particular it follows a class of invariant sub-
spaces where restrictions are unilateral shifts and their unitary extensions,
which obviously are bilateral shifts, are a proper part of the pair Lw, Lz.
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An operator approach to diffraction from
polygonal-conical screens

Lúıs Castro

Universidade de Aveiro, Portugal

E-mail address: castro@ua.pt

Abstract

The main aim of the talk is to present how to construct resolvent operators
for certain classes of boundary value problems in diffraction theory. We will
use an operator theory approach to analyse problems of wave diffraction from
polygonal-conical screens. These are formulated as boundary value problems
for the three-dimensional Helmholtz equation with Dirichlet or Neumann con-
ditions on a plane screen of polygonal-conical form (including unbounded and
multiply-connected screens), in weak formulation. The method is based upon
operator theoretical techniques in Hilbert spaces, such as the construction
of matricial coupling relations and certain orthogonal projections. Various
cross connections will be exposed, particularly considering classical Wiener-
Hopf operators in Sobolev spaces as general Wiener-Hopf operators in Hilbert
spaces.

This is based on joint work with R. Duduchava and F.-O. Speck.

Asymptotic behaviour of powers of
composition operators

Isabelle Chalendar

Université Paris Est Marne-la-Vallée, France

E-mail address: isabelle.chalendar@gmail.com

Abstract

We study the asymptotic behaviour of the powers Tn of a continuous
composition operator T on an arbitrary Banach space X of holomorphic
functions on the open unit disc of the complex plane. We show that for
composition operators, one has the following dichotomy: either the powers
converge uniformly or they do not converge even strongly. We also show that
uniform convergence of the powers of an operator T ∈ L(X) is very much
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related to the behaviour of the poles of the resolvent of T on the unit circle
and that all poles of the resolvent of the composition operator T on X are
algebraically simple. Our results are applied to study the asymptotic be-
haviour of semigroups of composition operators associated with holomorphic
semiflows.

Singular Value Decompositions of products of
projections

Gustavo Corach

Fac. de Ingenieŕıa-Universidad de Buenos Aires

Instituto Argentino de Matemática Alberto P. Calderón- CONICET,

Argentina

E-mail address: gcorach@fi.uba.ar

Abstract

We characterize operators T = PQ, where P,Q are orthogonal projections
in a Hilbert space and T admits a singular value decomposition. This is
equivalent to the fact that A = P −Q is diagonalizable. Many examples are
presented, among Toeplitz, Hankel and Wiener-Hopf operators. There is also
a differential geometry characterizations: if T = PQ admits a singular value
decomposition, then the generic parts of P and Q are joined by a minimal
geodesic in the Grassmannian manifold with diagonalizable direction vector.

Joint work with E. Andruchow.

When is the inner factor of f-f(a) an
interpolating Blaschke product for all a?

Carl Cowen

Indiana University-Purdue University Indianapolis

USA

E-mail address: ccowen@iupui.edu

Abstract

It is well known that functions that are bounded and analytic in the
open unit disk, or analytic functions in other Hardy spaces, have inner-outer
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factorizations. The possible inner factors are Blaschke products, singular in-
ner functions, and products of these. An ’interpolating Blaschke product’ is
a special kind of infinite Blaschke product whose zeros satisfy a condition
guaranteeing they are far apart.

In this talk, we will begin with the definitions of inner functions and
interpolating sequences and describe some of their properties that motivate
the question in the title. It has been known for some time that the atomic
singular inner function f(z)= exp((z+1)/(z-1)) has the property of the title,
and this motivated the question. A characterization of the functions satisfying
this condition will be given along with a sketch of the main ideas of the proof.
Finally, an application to descriptions of commutants of analytic Toeplitz
operators on the Hardy Hilbert space will be given.

This talk is based on joint work of Eva Gallardo, Pam Gorkin, and the
speaker.

Toral and Spherical Aluthge Transforms

Raúl E. Curto

Department of Mathematics

University of Iowa, USA

E-mail address: raul-curto@uiowa.edu

Abstract

We introduce two natural notions of multivariable Aluthge transforms
(toral and spherical), and study their basic properties. In the case of 2-
variable weighted shifts, we first prove that the toral Aluthge transform does
not preserve (joint) hyponormality, in sharp contrast with the 1-variable case.
Second, we identify a large class of 2-variable weighted shifts for which hy-
ponormality is preserved under both transforms. Third, we consider whether
these Aluthge transforms are norm-continuous. Fourth, we study how the
Taylor and Taylor essential spectra of 2-variable weighted shifts behave un-
der the toral and spherical Aluthge transforms; as a special case, we consider
the Aluthge transforms of the Drury-Arveson 2-shift. Finally, we discuss
the class of spherically quasinormal 2-variable weighted shifts, which are the
fixed points for the spherical Aluthge transform.

The talk is based on joint work with Jasang Yoon.
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The minus order and range additivity

Marko S. Djikic1, Guillermina Fongi2, Alejandra

Maestripieri2,3

Department of Mathematics, Faculty of Sciences and Mathematics,

University of Nǐs, Serbia1,

Instituto Argentino de Matemática “Alberto P. Calderón”, Argentina2,

Departamento de Matemática, Facultad de Ingenieŕıa, Universidad de

Buenos Aires, Argentina3

E-mail address: marko.djikic@gmail.com

Abstract

In the late 1970s Nambooripad and Hartwig independently defined a par-
tial order on regular elements of a semigroup with an idea (among others) of
extending the order for idempotent elements: e ≤ f ⇔ e = ef = fe. This
partial order, known today as the minus order, extends in a natural fashion
to the space of real or complex rectangular matrices, but difficulties arise in
the attempt of extending it to bounded operators between arbitrary Hilbert
spaces. In a paper from 2010 Šemrl gives an interesting discussion regarding
these difficulties, defining the minus order between bounded operators A and
B (equivalently) as A ≤ B ⇔ Im(B) = Im(A) ∔ Im(B −A) and Im(B∗) =
Im(A∗)∔ Im(B∗ −A∗) (interestingly, the same definition was independently
given in a paper by Antezana, Corach and Stojanoff from 2006). We will shed
an additional light to this discussion and in fact see that the minus order can
be defined in terms of usual range additivity, or with (unbounded) general-
ized inverses for arbitrary Hilbert space operators. We will then highlight a
few occasions from the literature when the minus order appeared implicitly
in the study, and demonstrate its relation with the problems of (general-
ized) inverting the sum of two operators, systems of operator equations and
optimization problems.
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Mixed boundary value problems for the
Laplace-Beltrami equation

Roland Duduchava1, Medea Tsaava2

A. Razmadze Mathematical Institute & University of Georgia1

University of Georgia & Tbilisi State University2

Tbilisi, Georgia

E-mail address: roldud@gmail.com

Abstract
Let C be a smooth hypersurface in R

3 with a smooth boundary decom-
posed into two connected ∂C = Γ = ΓD∪ΓN and non-intersecting ΓD∩ΓN =
∅ parts. Let ν(ω) = (ν1(ω), ν2(ω), ν3(ω)), ω ∈ C be the unit normal vector
field on the surface C. Let us consider the Laplace-Beltrami operator written
in terms of the Günter’s tangent derivatives ∆C := D2

1 +D2
2 +D2

3, Dj :=

∂j − νj∂ν , j = 1, 2, 3, ∂ν =
∑3

j=1 νj∂j . Let νΓ(t) = (νΓ,1(t), νΓ,2(t), νΓ,3(t)),
t ∈ Γ, be the unit normal vector field on the boundary Γ, which is tangential
to the surface C and directed outside of the surface. We study the following
mixed boundary value problem for the Laplace-Beltrami equation





∆Cu(t) = f(t), t ∈ C,

u+(τ) = g(τ), τ ∈ ΓD,

(∂νΓ
u)+(τ) = h(τ), τ ∈ ΓN , ∂νΓ

:=

3∑

j=1

νΓ,jDj .

(1)

Lax-Milgram Lemma applied to the BVP (1) gives that the BVP (1) has

a unique solution in the classical setting f ∈ H̃
−1(C), g ∈ H

1/2(Γ), h ∈
H

−1/2(Γ).
But in some problems, for example in approximation methods, it is im-

portant to know the solvability properties in the non-classical setting

f ∈ H̃
s−2
p (C), g ∈ W

s−1/p
p (Γ), h ∈ W

s−1−1/p
p (Γ), 1 < p <∞, s >

1

p
. (2)

To this end we prove the following.

THEOREM. Let 1 < p < ∞, s >
1

p
. The BVP (1) is not Fredholm in the
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non-classical setting (2) if and only if:





p 6=
4

3
, 2, 4 and s >

1

p
is arbitrary,

p =
4

3
, s 6=

1

p
+

1

4
+ k, k = −1, 0, 1, . . .

p = 2 and s 6=
1

p
+ k, k = 0, 1, . . . ,

p = 4, s 6=
1

p
+

3

4
+ k, k = −1, 0, 1, . . . .

In particular, the BVP (1) has a unique solution u in the non-classical setting

(2) if

4

3
< p < 4 and

1

p
+

1

4
< s <

1

p
+

3

4
.

Multiplier algebras of weighted shifts on
directed trees

Piotr Dymek

University of Agriculture of Krakow, Poland

E-mail address: pdymek@ar.krakow.pl

Abstract

We study a class of bounded weighted shifts on directed trees with roots
focusing on analytic aspects of their theory. We define and study multiplier
algebras related to these operators. We show that these algebras consists of
coefficients of analytic functions and forms a Banach algebra closed in SOT
and WOT topology. From this fact we deduce reflexivity of those weighted
shifts on directed trees whose all path-induced spectral-like radii are positive.

This presentation is based on a joint work with P. Budzyński, A. P laneta
and M. Ptak
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High-frequency asymptotic behaviour for the
damped wave equation on metric graphs

Pedro Freitas

Instituto Superior Técnico, Portugal

E-mail address: psfreitas@fc.ul.pt

Abstract

We consider the damped wave equation on metric graphs and study the
localisation of high-frequency spectral abscissas, that is, values around which
the real parts of the eigenvalues will cluster, as the corresponding imaginary
parts grow to infinity. Under certain conditions on the edge lengths and the
coupling conditions, we show that there exists at most a finite number of
such spectral abscissas which may be determined by solving a polynomial
equation. This is joint work with Jǐŕı Lipovský.

C0-semigroups of 2-isometries and Dirichlet
spaces

Eva A. Gallardo-Gutiérrez

Departmento de Análisis Matemático

Facultad de Matemáticas

Universidad Complutense de Madrid e ICMAT, Spain

E-mail address: eva.gallardo@mat.ucm.es

Abstract

The concept of a 2-isometry was introduced by Agler in the early eighties
and were characterized in terms of their extension properties. Recall that
a bounded linear operator T on a separable, infinite dimensional complex
Hilbert space H is called a 2-isometry if it satisfies

T ∗2T 2 − 2T ∗T + I = 0,

where I denotes the identity operator. In addition, such operators are called
analytic if no nonzero vector is in the range of every power of T . It turns
out that Mz, i.e. the multiplication operator by z, acting on the classical
Dirichlet space, is a cyclic analytic 2-isometry. But, moreover, Richter proved
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that any cyclic analytic 2-isometry is unitarily equivalent to Mz acting on a
generalized Dirichlet space D(µ).

In the context of Richter’s theorem, we will establish a similarity be-
tween C0-semigroups of analytic 2-isometries {T (t)}t≥0 acting on a Hilbert
space H and the multiplication operator semigroup {Mφt

}t≥0 induced by
φt(s) = exp(−st) for s in the right-half plane C+ acting boundedly on
weighted Dirichlet spaces on C+. As a consequence, we derive a connection
with the right shift semigroup {St}t≥0

Stf(x) =

{
0 if 0 ≤ x ≤ t,

f(x− t) if x > t,

acting on a weighted Lebesgue space on the half line R+ and will address some
applications regarding the study of the invariant subspaces of C0-semigroups
of analytic 2-isometries.

Joint work with Jonathan R. Partington (University of Leeds).

A Hankel matrix acting on spaces of analytic
functions

Daniel Girela

Universidad de Málaga, Spain

E-mail address: girela@uma.es

Abstract

If µ is a positive Borel measure on the interval [0, 1), the Hankel matrix
Hµ = (µn,k)n,k≥0 with entries µn,k =

∫
[0,1)

tn+k dµ(t) induces formally the
operator

Hµ(f)(z) =
∞∑

n=0

(
∞∑

k=0

µn,kak

)
zn

on the space of all analytic functions f(z) =
∑∞

k=0 akz
k, in the unit disc D.

This is a natural generalization of the classical Hilbert operator.
In this talk we shall report on several recent works regarding the action

of the operator Hµ on distinct spaces of analytic functions in D.
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Isometries with finite spectrum on continuous
functions

Dijana Ilǐsević

University of Zagreb, Croatia

E-mail address: ilisevic@math.hr

Abstract

Let X be a complex Banach space and let T : X → X be a (necessarily
surjective) isometry of period m, that is, Tm = I and T k 6= I for k =
1, . . . ,m − 1. The point spectrum of T consists of n distinct mth roots of
unity (n ≤ m), and we can always assume that it contains 1 as an eigenvalue.
If σ(T ) = {1, λ1, . . . , λn−1} and Pi is the projection onto the kernel of T−λiI
then

P0 ⊕ P1 ⊕ · · · ⊕ Pm−1 = I and P0 + λ1P1 + · · · + λn−1Pn−1 = T.

In this talk the emphasis will be given to C0(Ω), the Banach space of all con-
tinuous complex-valued functions on a connected locally compact Hausdorff
space Ω vanishing at infinity. By the Banach-Stone theorem, surjective linear
isometries on C0(Ω) are weighted composition operators. In particular, the
cases when the spectrum of a weighted composition operator consists of 2, 3,
4, or 5 elements will be completely described.

This is a joint work with Chih-Neng Liu and Ngai-Ching Wong from the
National Sun Yat-sen University, Kaohsiung, Taiwan.

Shape of kernels of block Hankel operators

Dong-O Kang

Chungman National University, Republic of Korea

E-mail address: mutjaykang@hanmail.net

Abstract
It is known that for a matrix-valued function Φ ∈ L2

Mn×m
, the kernel of

a block Hankel operator HΦ on a vector-valued Hardy spaceis an invariant
subspace for the shift operator.Thus, kerHΦ = ΘH2

Cr for a natural number
r and an n × r matrix inner function Θ. It will be shown that the size
of the inner function Θassociated with the kernel of block Hankel operator
HΦis decided bya certainindependency of the columns of the symbol function
Φ. As applications, the shape of shift-invariant and backward shift-invariant
subspaces of H2

Cn generated by finite elements will be studied.
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One-sided invertibility of infinite
band-dominated matrices and their

applications

Yuri Karlovich

Universidad Autónoma del Estado de Morelos, Cuernavaca, México

E-mail address: karlovich@uaem.mx

Abstract
The two-sided and one-sided invertibility of multiplication operators by

infinite band-dominated matrices on the spaces lp(Z) with p ∈ [1,∞] is stud-
ied. Criteria of two- and one-sided invertibility of such operators are obtained
under the condition of slowly oscillating behavior of diagonal entries an,n+k of
matrices as n→ ±∞, by applying a specific factorization of symbols of these
operators at ±∞. Criteria of the one-sided invertibility of multiplication op-
erators by infinite two-diagonal matrices whose diagonal entries an,n+k form
elements {an,n+k}n∈Z ∈ l∞(Z) are also established. Applications to studying
the two- and one-sided invertibility of Wiener type functional operators on
Lebesgue spaces are considered.

Conjugations and reflexivity

Kamila Klís-Garlicka

University of Agricuture of Krakow, Poland

E-mail address: rmklis@cyfronet.pl

Abstract

Let H be a complex Hilbert space with an inner product 〈·, ·〉. By Fk

we denote the set of all operators of rank at most k. A weak∗ closed
subspace S ⊂ B(H) is k-reflexive if rank-k operators are linearly dense in
S⊥ = {t–a trace -class operator : tr(St) = 0 for all S ∈ S}. A subspace S is
called k-hyperreflexive if there is a constant c > 0 such that

dist(T,S) ≤ c · sup{|tr(Tt)| : t ∈ Fk ∩ S⊥, ‖t‖1 ≤ 1},

for all T ∈ B(H). Note that dist(T,S) is the infimum distance. Recall that
C is a conjugation on H if C : H −→ H is an antilinear, isometric involution,
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i.e., 〈Cx,Cy〉 = 〈y, x〉 for all x, y ∈ H and C2 = I. An operator T in B(H)
is said to be C–symmetric if CTC = T ∗ .

During the talk we will present results concerning reflexivity and hyper-
reflexivity of the space of all C–symmetric operators. We will also discuss
reflexivity of truncated Toeplitz operators.

The talk is based on joint work with C. Câmara and M. Ptak.

Spectral analysis of the diffusion operator with
random jumps from the boundary

David Krejčǐŕık

Czech Technical University in Prague, Czech Republic

E-mail address: krejcirik@ujf.cas.cz

Abstract
Using an operator-theoretic framework in a Hilbert-space setting, we

perform a detailed spectral analysis of the one-dimensional Laplacian in a
bounded interval, subject to specific non-self-adjoint connected boundary
conditions modelling a random jump from the boundary to a point inside
the interval. In accordance with previous works, we find that all the eigen-
values are real.As the new results, we derive and analyse the adjoint operator,
determine the geometric and algebraic multiplicities of the eigenvalues, write
down formulae for the eigenfunctions together with the generalised eigenfunc-
tions and study their basis properties. It turns out that the latter heavily
depend on Diophantine properties of the interior point. Finally, we find a
closed formula for the metric operator that provides a similarity transform
of the problem to a self-adjoint operator.

This is joint work with Martin Kolb.

Remark on operators whose positive parts are
similar

Eungil Ko

Departments of Mathematics, Ewha Womans University, Republic of Korea

E-mail address: eiko@ewha.ac.kr

Abstract
Let H be an infinite dimensional complex Hilbert space and let L(H) be

the algebra of all bounded linear operators. Let S = US |S| and T = UT |T |

16



be the polar decompositions of S and T in L(H), respectively. We say that
S and T have the similar positive parts if |S| and |T | are similar. In this
talk, we investigate various properties of S and T whose positive parts are
similar. In particular, we provide spectral and local spectral relations of such
operators S and T . Finally, we consider some applications and examples for
such operators S and T .

Complex symmetric operator matrix and its
applications

Eungil Ko and Ji Eun Lee

Sejong University, Republic of Korea

E-mail address: jieunlee7@sejong.ac.kr

Abstract

In this paper, we study conjugation matrices and complex symmetric
operator matrices. In particular, we provide conditions for 2 × 2 operator
matrices to be conjugations or complex symmetric on H ⊕ H. Moreover,
we give examples of conjugation matrices and complex symmetric operators.
Finally, we apply the main results to block Toeplitz operator and completion
problems.

References

[1] I. An, E. Ko, and J. Lee, Weyl type theorem for complex symmetric operator
matrices, 31:9(2017), Filomat, 2891-2900.

[2] C. Benhida, M. Chō, E. Ko, and J. Lee, On symmetric and skew-symmetric
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Indefinite generalized numerical ranges:
geometric versus algebraic properties

Rute Lemos

University of Aveiro, CIDMA, Portugal

E-mail address: rute@ua.pt

Abstract

Many problems in quantum physics reduce to the study of expressions of the
form tr(CU ∗ AU), where U is unitary for a fixed pair of operators A and C. The
collection of all such complex numbers is known as the C-numerical range of A
and has attracted the attention of many authors. A variant of this set, induced
by an indefinite selfadjoint operator H, is obtained if U and U* are replaced by a
H-unitary operator and its H-adjoint. Some results which illustrate the interplay,
in the finite dimensional case, between the geometric properties of this set and the
algebraic properties of A, C are presented. Some insight into the C-determinantal
range of A induced by H is also given.

This talk is based on a joint work A. Guterman and G. Soares.

Morrey spaces and semigroups of composition
operators

Noel Merchán Álvarez

Universidad de Málaga, Spain

E-mail address: noel@uma.es

Abstract
For 0 < λ < 1 we define the Morrey spaces L2,λ as

L2,λ =

{
f ∈ H

2 : sup
a∈D

(1− |a|2)1−λ

∫

D

|f ′(z)|2(1− |σa(z)|2) dA(z) < ∞
}
,

where σa is the Möbius self-map given by σa(z) =
a−z
1−az

.
Morrey spaces can be seen as a natural extension of BMOA.

We study some of the most important properties of these spaces as well as
semigroups of composition operators acting on them.

This work is based on a joint work with professors P. Galanopoulos and A. G.
Siskakis from Aristotle University of Thessaloniki, Greece.
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Eigenvalues of double cyclical positive
matrices

Boris Mityagin

The Ohio State University, USA

E-mail address: mityagin.1@osu.edu

Abstract
We analyze double cyclical n x n matrices and find the upper bound of the num-

ber of eigenvalues in the left (right) half-plane. It solves the question (conjecture)
posed by C. Johnson, Z. Price, and I. Spitkovsky.

Maximal success is achieved when all (diagonal) elements are brought to the
same position. Roadmap of the proof is an elimination of both left and right extreme
positions, bringing them to the center (the geometric mean), and a construction
of the thick impermeable wall to keep good root points produced by the diverse
multi-set on the right.

This is a joint work with Charles Baker, the Ohio State University; see arXiv
1705.01529.

The Hardy operator and its connection to
optimal/sharp embeddings of Sobolev-type

spaces into Hölder-type spaces

Júlio Neves

Universidade de Coimbra, Portugal

E-mail address: jsn@mat.uc.pt

Abstract
We discuss different sharp inequalities involving the Hardy operator on the

cone of monotone functions. These inequalities will allow us to derive necessary
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and sufficient conditions for embeddings of Sobolev-type spaces modelled upon re-
arrangement invariant Banach function spaces X(Rn) into generalised Hölder-type
spaces. We apply our results to the case whenX(Rn) is the Lorentz-Karamata space
Lp,q;b(R

n). In particular, we are able to characterise optimal/sharp embeddings of
Bessel potential-type spaces and Sobolev-type spaces into generalized Hölder spaces.
As immediate applications of our results we obtain continuity envelopes and give
upper estimates for approximation numbers for some related embeddings.

This talk is based on collaboration work with B. Opic (Department of Mathe-
matical Analysis, Charles University) and A. Gogatishvili (Institute of Mathemat-
ics, Academy of Sciences of the Czech Republic)

A geometric glimpse of spaces of operators

Lina Oliveira

Department of Mathematics, Instituto Superior Técnico
Center for Mathematical Analysis, Geometry and Dynamical Systems,

Portugal

E-mail address: linaoliv@math.tecnico.ulisboa.pt

Abstract

In this talk, we discuss how the geometry of spaces such as B(H), spin factors
or C∗-algebras is encoded in their algebraic structure. A particular emphasis will
be given to the facial structure of their unit balls. The presentation aims to be
self-contained.

This is joint work with C.M. Edwards (The Queen’s College, Oxford).

Toeplitz Order

Alexei Poltoratski

Texas A & M University, USA

E-mail address: alexeip@math.tamu.edu

Abstract

Many problems in the area of the Uncertainty Principle in Harmonic Analysis
can be viewed as questions on partial order of the set of inner functions in the
upper half-plane. The order is induced by Toeplitz operators and extends the
existing natural orderings, such as ordering by division. In my talk I will give basic
definitions of Toeplitz order and discuss connections with classical problems, such
as the Beurling-Malliavin problem, the Gap and Type problems. At the end I will
discuss open questions.
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Conjugation in model spaces and asymmetric
truncated Toeplitz operators

C. Câmara1, K. Klís-Garlicka2 and M. Ptak2

Instituto Superior Técnico, Universidade de Lisboa, Portugal1

University of Agriculture in Krakow, Poland2

E-mail address: rmptak@cyf-kr.edu.pl

Abstract
Let H2 be the Hardy space on the unit disc, identified as usual with a subspace

of L2 on the unit circle. With any nonconstant inner function θ we associate the
model space K2

θ , defined by K2
θ = H2 ⊖ θH2. A conjugation is an antilinear,

isometric, involution and in K2
θ there is a natural conjugation Cθ : K

2
θ → K2

θ given
by Cθf(z) = θzf(z).

Let us consider two nonconstant inner functions α and θ such that α divides
θ. For a given function ϕ ∈ L2 we can define an asymmetric truncated Toeplitz
operator Aϕ : K2

θ → K2
α by Aϕf = Pα(ϕf), where Pα : L

2 → K2
α is the orthogonal

projection. The relation between bounded asymmetric truncated Toeplitz operators
with L2 symbols and various conjugations Cθ, Cα, Cα, θ

α
will be investigated. The

relations lead us to connections with Hankel operators.

Translation-invariant subspaces for weighted
L

2 on R+

Daniel Rodriguez Luis

Universidad de La Rioja, Spain

E-mail address: daniel-jose.rodriguez@unirioja.es

Abstract
In the setting of weighted L2-spaces, a striking result due to Domar states that

the lattice of closed invariant subspaces for {Sτ}τ≥0 in L2(R+, w(t)dt) coincides
with the lattice of “standard invariant subspaces”

L
2([a,∞), w(t)dt) = {f ∈ L

2(R+, w(t)dt) : f(t) = 0 a.e 0 ≤ t ≤ a}, (a ≥ 0),

whenever w satisfies:

1. w positive continuous decreasing in R+.

2. logw is concave in [c,∞), for some c ≥ 0.
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3. lim
t→∞

− logw(t)

t
= ∞ and lim

t→∞

log | logw(t)| − log t√
log t

= ∞.

In this talk we present an extension of Domar’s Theorem to a wider class of
weight functions w not fulfilling condition (2), which is replaced by a geometric
condition on {w(tn)}n≥1 for some strictly increasing sequence {tn}n≥1 ⊂ R+ with
the uniformly bounded condition supn(tn+1 − tn) < ∞. This extension addresses,
in some sense, a question posed by Domar.

In addition, we provide an example of a weight function w̃ for which the lat-
tice of closed invariant subspaces for {Sτ}τ≥0 in L2(R+, w̃(t)dt) is non-standard
such that w̃ satisfies (3) and the geometric condition is fulfilled only for sequences
{tn}≥1 ⊂ R+ with supn(tn+1 − tn) = ∞.

This is a joint work with Eva A. Gallardo-Gutiérrez (Universidad Complutense
de Madrid, Spain) and Jonathan R. Partington (University of Leeds, U.K.).

Multipliers between sub-Hardy Hilbert spaces

William T. Ross

University of Richmond, USA

E-mail address: wross@richmond.edu

Abstract
In this joint work with Emmanuel Fricain and Andreas Hartmann, we character-

ize the multipliers between pairs of sub-Hardy Hilbert spaces of analytic functions
on the unit disk. Examples explored are the classical model spaces and the range
spaces of co-analytic Toeplitz operators.

Non-accretive Schrödinger operators and
exponential decay of their eigenfunctions

P. Siegl

University of Bern, Switzerland

E-mail address: petr.siegl@math.unibe.ch

Abstract
We consider non-self-adjoint electromagnetic Schrödinger operators on arbitrary

open sets with complex scalar potentials whose real part is not necessarily bounded
from below. Under a suitable sufficient condition on the electromagnetic potential,
we introduce a Dirichlet realization as a closed densely defined operator with non-
empty resolvent set and show that the eigenfunctions corresponding to discrete
eigenvalues satisfy an Agmon-type exponential decay.
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The talk is based on:
[1] D. Krejčǐŕık, N. Raymond, J. Royer and P. Siegl: Non-accretive Schrödinger

operators and exponential decay of their eigenfunctions, Israel Journal of Mathe-
matics, to appear, arXiv:1605.02437.

Wiener-Hopf factorization through an
intermediate space and applications

Frank-Olme Speck

Instituto Superior Técnico, U Lisboa, Portugal

E-mail address: fspeck@math.ist.utl.pt

Abstract

An operator factorization conception is investigated for a general Wiener-Hopf op-
erator W = P2A|P1X where X,Y are Banach spaces, P1 ∈ L(X), P2 ∈ L(Y ) are
projectors and A ∈ L(X,Y ) is invertible. Namely we study a particular factoriza-
tion of A = A−CA+ where A+ : X → Z and A− : Z → Y have certain invariance
properties and the cross factor C : Z → Z splits the ”intermediate space” Z into
complemented subspaces closely related to the kernel and cokernel of W , such that
W is equivalent to a ”simpler” operator, W ∼ PC|PX .

The main result shows equivalence between the generalized invertibility of the
Wiener-Hopf operator and this kind of factorization (provided P1 ∼ P2) which
implies a formula for a generalized inverse of W . It embraces I.B. Simonenko’s
generalized factorization of matrix measurable functions in Lp spaces and various
other factorization approaches. Various connected theoretical questions are an-
swered such as: How to transform different kinds of factorization into each other?
When is W itself the truncation of a cross factor?

As applications we consider interface problems in weak formulation for the n-
dimensional Helmholtz equation in Ω = R

n
+ ∪ R

n
− (due to xn > 0 or xn < 0,

respectively), where the interface Γ = ∂Ω is identified with R
n−1 and divided into

two parts, Σ and Σ′, with different transmission conditions of first and second
kind. These two parts are half-spaces of Rn−1 (half-planes for n = 3). We con-
struct explicitly resolvent operators acting from the interface data into the energy
space H1(Ω). The approach is based upon the present factorization conception
and avoids an interpretation of the factors as unbounded operators. In a natural
way, we meet non-isotropic Sobolev spaces which reflect the wedge asymptotic of
diffracted waves.

The talk is based upon several papers, particularly on

F.-O. Speck, Wiener-Hopf factorization through an intermediate space. Integral
Equations Oper. Theory 82 (2015), 395-415.
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F.-O. Speck, A class of interface problems for the Helmholtz equation in R
n. Math.

Meth. Appl. Sciences 40 (2017), 391–403.

On some new results related to and using the
”two projections theory”

Ilya M. Spitkovsky

New York University Abu Dhabi (NYUAD), UAE

E-mail address: imspitkovsky@gmail.com

Abstract

A canonical representation of a pair of orthogonal projections was obtained by
Halmos in his ”Two subspaces” paper as early as 1969. I will discuss several recent
results which either were obtained by using this representation, or can be sharpened
with its help.

A Szegö type theorem for TTOs

Elizabeth Strouse

Université Bordeaux, France

E-mail address: Elizabeth.Strouse@math.u-bordeaux.fr

Abstract
Toeplitz operators are compressions of multiplication operators on L2 spaces to

the Hardy space, while Toeplitz matrices compress the multiplications to the space
of polynomials. A generalization of these types of operators, called ’truncated
Toeplitz’ is the compression of multiplications to ’model spaces’ (i.e. subspaces of
the Hardy space which are invariant under the backward shift) - called truncated
Toeplitz operators.

The classical theorem of Szego - describes the spectrum of a chain of Toeplitz
matrices converging to a Toeplitz operator, relating it to the values of the symbol of
the multiplication operator at certain points. In our recent paper with D. TImotin
and M. Zarrabi we prove a variant, or generalization of this theorem when this type
of ’approximation’ is done using truncated Toeplitz operators.
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Holomorphic Hermite polynomials in two
variable - the entangled case

Franciszek Hugon Szafraniec

Jagiellonian University, Poland

E-mail address: umszafra@cyf-kr.edu.pl

Abstract

I intend to present the polynomials in question in some detail and the relevant
operators of the bipartite quantum oscillator behind.

Beyond truncated Toeplitz operators

Dan Timotin

Institute of Mathematics of the Romanian Academy, Romenia

E-mail address: Dan.Timotin@imar.ro

Abstract

Completely nonunitary contractions with defect spaces of dimension 1 have a
functional model defined in terms of their characteristic function u, which belongs
to the unit ball of H∞. In case u is inner, the model space becomes Ku = H2⊖uH2,
and the model operator Su is the compression of the shift to Ku. The class Tu of
truncated Toeplitz operators on Ku may be defined by an invariance property with
respect to Su.

We investigate Mu, the class analogous to Tu, in the case of a general (not
necessarily inner) function u. It is also characterized by an invariance property
with respect to the model operator, and admits an alternate description by means
of multiplications with matrix valued functions. Other properties of this class of
operators are also investigated.

This is joint work with Hari Bercovici.

25



Transition asymptotics of Toeplitz
determinants

Jani Virtanen

University of Reading, UK

E-mail address: j.a.virtanen@reading.ac.uk

Abstract
For sufficiently smooth symbols, Szegs theorems describe the asymptotic behav-

ior of Toeplitz determinants. Asymptotic formulas are also known for the determi-
nants of Toeplitz matrices generated by Fisher-Hartwig symbols. Suppose now that
the symbol has an extra parameter t with the property that when t goes to zero,
the number of Fisher-Hartwig singularities changes. By transition asymptotics (or
double scaling limits) of Toeplitz determinants we mean limits of the determinants
when the size of the matrices goes to infinity and t goes to zero simultaneously. In
this talk, I discuss the known results on transition asymptotics with emphasis on
joint work with Kasia Kozlowska, which describes the transition from one Fisher-
Hartwig singularity to two Fisher-Hartwig singularities. Motivation for transition
asymptotics comes from applications in mathematical physics and random matrix
theory. In particular, our results describe a transition in the theory of XY spin
chains related to the emptiness formation probability.

Sturm-Liouville problems with transfer
condition Herglotz dependent on the

eigenparameter

Casey Bartels,1 Sonja Currie,1 Marlena Nowaczyk,2

Bruce Watson1

School of Mathematics, University of the Witwatersrand
South Africa1

AGH University of Science and Technology,
Faculty of Applied Mathematics

Krakow, Poland2

E-mail address: Bruce.Watson@wits.ac.za

Abstract

We consider Sturm-Liouville equation ℓf := −f ′′ + qf = λf on the intervals
(−a, 0) and (0, b) with a, b > 0 and q ∈ L2(−a, b). We impose boundary con-
ditions f(−a) cosα = f ′(−a) sinα, f(b) cosβ = f ′(b) sinβ, where α ∈ [0, π) and
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β ∈ (0, π], and transmission conditions rationally-dependent on the eigenparameter

via f(0+) = −(f ′(0+) − f ′(0−))
N∑
i=1

β2

i

λ−γi
, f ′(0−) = (f(0+) − f(0−))

M∑
j=1

α2

j

λ−δj
, with

βi, αj > 0 for i = 1, . . . , N, and j = 1, . . . ,M . The geometric multiplicity of the
eigenvalues is considered and the cases in which the multiplicity can be 2 are char-
acterized. An example is given to illustrate the cases. A Hilbert space formulation
of the above eigenvalue problem as a self-adjoint operator eigenvalue problem in
L2(−a, b)

⊕
C

N
⊕

C
M is given. A characteristic determinant is defined which has

zeros coinciding with the eigenvalues and order of the zeros corresponding to the
geometric multiplicity of the eigenvalues. The Green’s function is given and related
to the resolvent of the Hilbert space operator. Finally spectral asymptotics are
given.

Keywords: Sturm-Liouville, Transfer condition.

A variation principle for ground spaces

Stephan Weis

Centre for Quantum Information and Communication,
Universit libre de Bruxelles, Belgium

E-mail address: maths@stephan-weis.info

Abstract

A variation formula is presented for the ground space projections of a vector
space of energy operators in a matrix ∗-algebra. We prove that the ground space
projections are the greatest projections of the algebra under certain operator cone
constraints. The formula is derived from lattice isomorphisms between normal
cones and exposed faces of the state space of the algebra, and between ground
space projections.

The vector space of local Hamiltonians is in the focus of quantum many-body
physics. The variation formula will be demonstrated with two-local three-bit (com-
mutative) Hamiltonians. A future goal is to understand the lattice of ground spaces
of two-local three-qubit (non-commutative) Hamiltonians. Both its combinatorics
and topology are unsettled issues.

Reference: arXiv:1704.07675 [math-ph]
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Posters

PDLs and Flowcharts in Operator Theory

Ana C. Conceição1,2

CEAFEL1

Universidade do Algarve2

E-mail address: aconcei@ualg.pt

Abstract
In recent years, several software applications were made available to the general

public with extensive capabilities of symbolic computation. These applications,
known as computer algebra systems (CAS), allow to delegate to a computer all,
or a significant part, of the symbolic calculations present in many mathematical
algorithms. In our work, we use the CAS Mathematica to implement analytical
algorithms developed by us and others within the Operator Theory. The main goal
of this work is to present some Program Design Languages (PDLs) and flowcharts
related with some of those algorithms.
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A singular integral operator with a
non-Carleman shift and conjugation

Rui Marreiros

CEAFEL
Universidade do Algarve

E-mail address: rmarrei@ualg.pt

Abstract
On the Hilbert space L̃2(T) the singular integral operator with non-Carleman

shift and conjugation K = P+ + (aI + AC)P− is considered, where P± are the

Cauchy projectors, A =
m∑

j=0

ajU
j , a, aj , j = 1,m, are continuous functions on the

unit circle T, U is the shift operator and C is the operator of complex conjugation.
An estimate for the dimension of the kernel of the operator K is obtained.
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